Abstract. In this paper we develop a general theory of modules which are invariant under automorphisms of their covers and envelopes. When applied to specific cases like injective envelopes, pure-injective envelopes, cotorsion envelopes, projective covers, or flat covers, these results extend and provide a much more succinct and clear proofs for various results existing in the literature. Our results are based on several key observations on the additive unit structure of von Neumann regular rings.
Introduction.
The study of modules which are invariant under the action of certain subsets of the endomorphism ring of their injective envelope can be drawn back to the pioneering work of Johnson and Wong [20] in which they characterized quasi-injective modules as those modules which are invariant under any endomorphism of their injective envelope. Later, Dickson and Fuller [4] initiated the study of modules which are invariant under the group of all automorphisms of their injective envelope. Such modules are called automorphism-invariant modules. Fuller and Dickson proved that any indecomposable automorphism-invariant module over a K-algebra A is quasi-injective provided that K is a field with more than two elements. And this result has been recently extended in [16] to arbitrary automorphism-invariant modules M such that their endomorphism ring has no homomorphic images isomorphic to the field of two elements Z 2 .
Although, in the general setting, an automorphism-invariant module does not need to be quasi-injective (see Example 3.4), its endomorphism ring shares several important properties with the endomorphism ring of a quasi-injective module. For example, it has been proved in [17] that the endomorphism ring of an automorphism-invariant module M is always a von Neumann regular ring modulo its Jacobson radical J, idempotents lift modulo J, and J consists of those endomorphisms of M which have essential kernel. Analogous results were obtained by Warfield [33] for injective modules; by Faith and Utumi [11] for the case of quasi-injective modules; and by Huisgen-Zimmermann and Zimmermann for pure-injective modules [35] . Moreover, it has been shown in [10] that any automorphism-invariant module M is of the form M = A ⊕ B where A is quasiinjective and B is square-free. As a consequence of these results, it follows that any automorphism-invariant module satisfies the full exchange property which extends results of Warfield [33] and Fuchs [12] . These modules also provide a new class of clean modules (see [17] ). A dual notion of automorphism-invariant module has been recently introduced in [30] .
The objective of this paper is to provide a general setting where the above results can be obtained by developing a general theory of modules which are invariant under automorphisms of their covers and envelopes. We define the notions of Xautomorphism-invariant and X -automorphism-coinvariant modules, where X is any class of modules closed under isomorphisms. And we show that the above characterizations are particular instances of much more general results for these modules. Namely, we prove that if u : M → X is a monomorphic X -envelope of a module M such that M is X -automorphism-invariant, End(X)/J(End(X)) is a von Neumann regular right self-injective ring and idempotents lift modulo J(End(X)), then End(M )/J(End(M )) is also von Neumann regular and idempotents lift modulo J(End(M )) and consequently, M satisfies the finite exchange property. Moreover if we assume that every direct summand of M has an X -envelope, then in this case, M has a decomposition M = A ⊕ B where A is square-free and B is X -endomorphisminvariant. If we assume in addition that for X -endomorphism-invariant modules, the finite exchange property implies the full exchange property, then M also satisfies the full exchange property, thus extending results of Warfield [33] , Fuchs [12] and Huisgen-Zimmermann and Zimmermann [36] for injective, quasi-injective and pure-injective modules, respectively. As a consequence of our results, it also follows that X -automorphism-invariant modules M , whose every direct summand of M has an X -envelope, are clean. We also dualize these results and obtain similar results for X -automorphism-coinvariant modules.
Let us note that the fact that automorphism-invariant and automorphism-coinvariant modules inherit these good properties from the endomorphism rings of their envelopes and covers is not surprising. As pointed out in Remarks 3.2 and 4.2, a module M having a monomorphic X -envelope u : M → X is X -automorphism-invariant if and only if u establishes an isomorphism of groups Aut(M ) ∼ = Aut(X)/Gal(u), where Gal(u) is the Galois group of the envelope u (see e.g. [8, 9] ). Whereas a module M having an epimorphic X -cover p : X → M is X -automorphism-coinvariant if and only if p induces an isomorphism Aut(M ) ∼ = Aut(X)/coGal(p), where coGal(p) is the co-Galois group of the cover p.
The crucial steps in proving these results are the observations made in Section 2 about the additive unit structure of a von Neumann regular ring. In this section, we prove that if S is a right self-injective von Neumann regular ring and R is a subring of S which is stable under left multiplication by units of S, then R is von Neumann regular and moreover, R = R 1 × R 2 , where R 1 is a an abelian regular ring and R 2 is a von Neumann regular right self-injective ring which is invariant under left multiplication by elements in S. These observations are based on the classification theory developed by Kaplansky for Baer rings [22] . Moreover, as a consequence of these, we deduce that if S is a right self-injective von Neumann regular ring of characteristic n ≥ 0, then the image S ′ of the group ring Z n [Aut(S)] inside S under the homomorphism sending an element of Aut(S) to the corresponding element in S is also von Neumann regular, where we denote by Aut(S) the group of units of S. And S = S ′ provided that S has no homomorphic images isomorphic to Z 2 ; in particular, when char(S) = n > 0 and 2 ∤ n (see Corollaries 2.6, 2.7).
These results are finally applied in Section 5 to a wide variety of classes of modules such as the classes of injective modules, projective modules, pure-injective modules, cotorsion modules, flat modules and many interesting results are obtained which extend, clarify and simplify the proofs of the results in [4, 10, 11, 12, 17, 31, 33, 35, 36] .
Throughout this paper, R will always denote an associative ring with identity element and modules will be unital right modules unless otherwise is stated. J(R) will denote the Jacobson radical of the ring R. We refer to [1] and [26] for any undefined notion arising in the text.
2.
Observations on the additive unit structure of a von Neumann regular ring.
In this section, we will establish some useful tools dealing with additive unit representation of von Neumann regular rings. The study of the additive unit structure of rings has its roots in the investigations of Dieudonné on Galois theory of simple and semisimple rings [5] . Laszlo Fuchs raised the question of determining when an endomorphism ring is generated additively by automorphisms, which has been studied by many authors (see, for example [19, 29] ). Let us note that the question of characterizing when X -automorphism-invariant modules are X -endomorphisminvariant is linked to the above question of Fuchs. We say that an n × n matrix A over a ring R admits a diagonal reduction if there exist invertible matrices P, Q ∈ M n (R) such that P AQ is a diagonal matrix. Following Ara et al. [2] , a ring R is called an elementary divisor ring if every square matrix over R admits a diagonal reduction. This definition is less stringent than the one proposed by Kaplansky in [21] . The class of elementary divisor rings includes right self-injective von Neumann regular rings.
It is not difficult to see that if R is any ring, then any n × n (where n ≥ 2) diagonal matrix over R is the sum of two invertible matrices (see [18] ). Thus it follows that if R is an elementary divisor ring, then each element in the matrix ring M n (R) is the sum of two units for n ≥ 2.
The next lemma is inherent in [23, Theorem 1] . We provide the proof for the sake of the completeness as the result is not stated in this form there. 
where R 1 is of type I f , R 2 is of type I ∞ , R 3 is of type II f , R 4 is of type II ∞ , and R 5 is of type III (see [14, Theorem 10.22] ). Taking P = R 2 × R 4 × R 5 , we may write S = R 1 × R 3 × P , where P is purely infinite. We have P P ∼ = nP P for all positive integers n by [14, Theorem 10.16] . In particular, for n = 2, this yields P ∼ = M 2 (P ). Since P is an elementary divisor ring, it follows that each element of M 2 (P ) and consequently, each element of P is the sum of two units. Since R 3 is of type II f , we can write R 3 ∼ = n(e n R 3 ) for each n ∈ N where e n is an idempotent in R (see [14, Proposition 10.28] ). In particular, for n = 2 we have R 3 ∼ = M 2 (e 3 R 3 e 3 ). As e 3 R 3 e 3 is an elementary divisor ring, it follows that each element in M 2 (e 3 R 3 e 3 ) and hence each element in R 3 is the sum of two units. We know that R 1 ∼ = M ni (A i ) where each A i is an abelian regular self-injective ring (see [14, Theorem 10.24] ). Since each A i is an elementary divisor ring, we know that each element in M ni (A i ) is the sum of two units whenever n i ≥ 2.
Thus we conclude that S = T 1 × T 2 , where T 1 is an abelian regular right selfinjective ring and any element in T 2 is the sum of two units. Notation 2.2. We know by the above lemma that any right self-injective von Neumann regular ring S can be decomposed as S = T 1 × T 2 , where T 1 is an abelian regular ring and any element in T 2 is the sum of two units. Therefore, any right Smodule N is of the form N = N 1 ×N 2 where N 1 is a right T 1 -module and N 2 a right T 2 -module. And any homomorphism f :
We will follow this notation along the rest of this section.
which is the sum of three units.
and f 1 extends to an injective homomorphism g 1 : E(N 1 ) → T 1 . As T 1 is von Neumann regular and right self-injective, Img 1 is a direct summand of T 1 . Write
And, as T 1 is directly-finite being an abelian regular ring and E(N 1 ) ∼ = Img 1 , we deduce that there exists an isomorphism h 1 :
On the other hand, as T 2 is right self-injective, there exists a ϕ 2 : 
2 ) is the sum of three units in
As a consequence of these observations on the additive unit representation of S, we can prove the following useful result. Proof. By Lemma 2.1, we have S = T 1 × T 2 where T 1 is an abelian regular selfinjective ring and each element in T 2 is the sum of two units. As R is a subring of S, we may write R = R 1 × R 2 where R 1 is a subring of T 1 and R 2 a subring of T 2 .
The assumption gives that all units of S are also in R. Let us choose any t 2 ∈ T 2 . We know that t 2 = φ+ ψ, where φ, ψ are units in T 2 . Therefore, 1 T1 × φ and 1 T1 × ψ are units in S and thus, (
by hypothesis. And this means that φ • 1 R2 ∈ R 2 and ψ • 1 R2 ∈ R 2 . Thus,
This shows that T 2 ⊆ R 2 and hence T 2 = R 2 . In particular, this shows that T 2 ⊆ R and so T 2 is a von Neumann regular ideal of R. Since every abelian regular ring is unit regular [14, Corollary 4.2], if we have any x ∈ T 1 , there exists a unit u ∈ T 1 such that x = xux. Further, u + 1 T2 is a unit of S, so it is in R. This shows that R/T 2 is von Neumann regular. Since T 2 is a von Neumann regular ideal and R/T 2 is a von Neumann regular ring, it follows from [14, Lemma 1.3] that R is also a von Neumann regular ring. Now, as R = R 1 × R 2 , clearly both R 1 and R 2 are von Neumann regular rings. Since every idempotent of R 1 is an idempotent of T 1 and T 1 is abelian regular, every idempotent of R 1 is in the center of T 1 and consequently, in the center of R 1 . Thus R 1 is an abelian regular ring. In the first paragraph we have seen that R 2 = T 2 . Thus R 2 is a von Neumann regular right self-injective ring which is invariant under left multiplication by elements in S.
We are going to close this section by pointing out several interesting consequences of the above theorem.
Proposition 2.5. Let S be a right self-injective von Neumann regular ring and R, a subring of S. Assume that R is stable under left multiplication by units of S. If R has no homomorphic images isomorphic to
Proof. Note that our hypothesis implies that S has no homomorphic image isomorphic to Z 2 since otherwise, if ψ : S → Z 2 is a ring homomorphism, then ψ| R : R → Z 2 would give a ring homomorphism, contradicting our assumption. Therefore, each element in S is the sum of two units by [23] and thus, R is invariant under left multiplication by elements of S. But then, calling 1 R to the identity in R, we get that s = s · 1 R ∈ R for each s ∈ S. Therefore, R = S.
Let now S be any ring and call Aut(S) the group of units of S. The canonical ring homomorphism ν : Z → S which takes 1 Z to 1 S has kernel 0 or Z n , for some n ∈ N. In the first case, S is called a ring of characteristic 0 and, in the other, a ring of characteristic n. Let us denote Z by Z 0 .
Throughout the rest of this section, let us denote by S ′ , the image of the group ring Z n [Aut(S)] inside S under the ring homomorphism sending an element of Aut(S) to the corresponding element in S.
Then S ′ is a subring of S consisting of those elements which can be written as a finite sum of units of S, where n is the characteristic of the ring S. By construction, the subring S ′ is invariant under left (or right) multiplication by units of S. The problem stated by Fuchs of characterizing endomorphism rings which are additively generated by automorphisms reduces then to characterizing when S = S ′ . From Theorem 2.4 and Proposition 2.5, we deduce the following partial answers of this question.
Corollary 2.6. Let S be a von Neumann regular and right self-injective ring of characteristic n. Then S
′ is also a von Neumann regular ring.
Corollary 2.7. Let S be a von Neumann regular and right self-injective ring of characteristic n. If S has no homomorphic images isomorphic to Z 2 , then S = S ′ . In particular, this is the case when n > 0 and 2 does not divide n.
Proof. The first part is an immediate consequence of Proposition 2.5. For the second part, just note that if Z n is the kernel of ν : Z → S for some n > 0 and 2 does not divide n, then S cannot have any ring homomorphism δ : S → Z 2 since otherwise, 2 and n would belong to Ker(δ • ν). And, as 2 and n are coprime, we would deduce that 1 ∈ Ker(δ •ν), contradicting that ν is a ring homomorphism.
Automorphism-invariant Modules
Let us fix a non empty class of right R-modules X , closed under isomorphisms. We recall from [6, 32] that an X -preenvelope of a right module M is a morphism u : M → X with X ∈ X such that any other morphism g : M → X ′ with X ′ ∈ X factors through u. A preenvelope u : M → X is called an X -envelope if, moreover, it satisfies that any endomorphism h : X → X such that h • u = u must be an automorphism. An X -(pre)envelope u : M → X is called monomorphic if u is a monomorphism. It is easy to check that this is the case when X contains the class of injective modules.
Definition 3.1. Let M be a module and X , a class of R-modules closed under isomorphisms. We will say that M is X -automorphism-invariant if there exists an X -envelope u : M → X satisfying that for any automorphism g : X → X there exists an endomorphism f :
Remarks 3.2.
(1) Let M be an X -automorphism-invariant module and u : M → X, its monomorphic X -envelope. Let us choose g ∈ Aut(X) and f ∈ End(M ) such
are automorphisms by the definition of monomorphic envelope. This shows that f ∈ Aut(M ).
(2) The above definition is equivalent to assert that M is invariant under the group action on X given by Aut(X). Moreover, in this case, (1) shows that the map ∆ : Aut(X) → Aut(M ) which assigns g → f is a surjective group homomorphism whose kernel consists of those automorphisms g ∈ Aut(X) such that g • u = u. This subgroup of Aut(X) is ussually called the Galois group of the envelope u (see e.g. [9] ) and we will denote it by Gal(u). Therefore, we get that, for modules M having monomorphic Xenvelopes, M is X -automorphism invariant precisely when the envelope u induces a group isomorphism Aut(M ) ∼ = Aut(X)/Gal(u).
(3) The above definition of X -automorphism-invariant modules can be easily extended to modules having X -preenvelopes. We have restricted our definition to modules having envelopes because these are the modules to which our results will be applied in practice.
(4) If X is the class of injective modules, then X -automorphism-invariant modules are precisely the automorphism-invariant modules studied in [4, 10, 16, 17, 25, 31] .
The following definition is inspired by the notion of quasi-injective modules, as well as of strongly invariant module introduced in [36, Definition, p. 430 ].
Definition 3.3. Let M be a module and X , a class of modules closed under isomorphisms. We will say that M is X -endomorphism-invariant if there exists an X -envelope u : M → X satisfying that for any endomorphism g : X → X, there exists an endomorphism f :
Note that if X is the class of injective modules, then the X -endomorphisminvariant modules are precisely the quasi-injective modules [20] . Whereas if X is the class of pure-injective modules, the X -endomorphism invariant modules are just the modules which are strongly invariant in their pure-injective envelopes in the sense of [36, Definition, p. 430 ].
The following example shows that, in general, X -automorphism-invariant modules need not be X -endomorphism-invariant.
Example 3.4. Let R be the ring of all eventually constant sequences (x n ) n∈N of elements in Z 2 , and X , the class of injective right R-modules. As R is von Neumann regular, the class of injective R-modules coincides with the class of pure-injective R-modules as well as with the class of flat cotorsion R-modules (see [32] for its definition). The X -envelope of R R is u : R R → X where X = n∈N Z 2 . Clearly, X has only one automorphism, namely the identity automorphism. Thus, R R is Xautomorphism-invariant but it is not X -endomorphism-invariant. Let us note that this example also shows that the hypothesis that S has no homomorphic images isomorphic to Z 2 cannot be removed from Proposition 2.5.
Notation 3.5. Along the rest of this section, X will denote a class of modules closed under isomorphisms and M , a module with u : M → X, a monomorphic X -envelope such that End(X)/J(End(X)) is a von Neumann regular right selfinjective ring and idempotents lift modulo J(End(X)).
If f : M → M is an endomorphism, then we know by the definition of preenvelope that u • f extends to an endomorphism g : X → X such that g • u = u • f . The following easy lemma asserts that this extension is unique modulo the Jacobson radical of End(X). Lemma 3.6. Let f ∈ End (M ) be any endomorphism and assume that g, g
Proof. In order to prove that g − g ′ ∈ J(End(X)), we must show that 1 − t • (g − g ′ ) is an automorphism for any t ∈ End(X). Let us note that t
is an automorphism by the definition of envelope.
The above lemma shows that we can define a ring homomorphism ϕ : End(M ) −→ End(X)/J(End(X)) by the rule ϕ(f ) = g + J(End(X)). Call K = Kerϕ. Then ϕ induces an injective ring homomorphism
which allows us to identify End(M )/K with the subring ImΨ ⊆ End(X)/J(End(X)).
We can now state one of the main result of this section. Proof. Call S = End(X), J = J(End(X)) and T = ImΨ ∼ = End(M )/K. We want to show that we are in the situation of Theorem 2.4 to get that End(M )/K is von Neumann regular. In order to prove it, we only need to show that T is invariant under left multiplication by units of S/J. Let g + J be a unit of S/J. Then g : X → X is an automorphism. And this means that there exists an f :
This shows that T is invariant under left multiplication by units of S/J, namely End(M )/K is von Neumann regular. As End(M )/K is von Neumann regular, J(End(M )/K) = 0 and so, J(End(M )) ⊆ K. Let us prove the converse. As K is a two-sided ideal of End(M ) it is enough to show that 1 − f is invertible for every f ∈ K. Let f ∈ K and let g :
And, as u : M → X is a monomorphic envelope, this implies that both (1 − f ) • h and h • (1 − f ) are automorphisms. Therefore, 1 − f is invertible. Finally, let us prove that idempotents lift modulo J(End(M )). Let us choose an f ∈ End(M ) such that f + K = f 2 + K. Then there exists a homomorphism g : X → X such that g • u = u • f . Therefore, g + J = Ψ(f + K). And, as f + K is idempotent in End(M )/K, so is g + J ∈ S/J. As idempotents lift modulo J, there exists an e = e 2 ∈ S such that g +J = e+J. Now g −e ∈ J implies that there exists an k ∈ K such that (g − e) • u = u • k by Lemma 3.7. Note that u • (f − k) = e • u and thus, ϕ(f − k) = e + J.
Therefore,
And, as u is monic, we get that (f − k) 2 = f − k. This shows that idempotents lift modulo J(End(M )).
Recall that the notion of exchange property for modules was introduced by Crawley and Jónnson in [3] . A right R-module M is said to satisfy the exchange property if for every right R-module A and any two direct sum decompositions Before proving our structure theorem for X -automorphism-invariant modules, we need to state the following technical lemmas. 
Lemma 3.11. Let M be an X -automorphism-invariant module and u : M → X, its X -envelope. If any element of End (X)/J(End (X)) is the sum of two units, then M is X -endomorphism-invariant.
Proof. We claim that any element in End(X) is also the sum of two units. Let s ∈ End(X). Then s + J(End(X)) is the sum of two units, say s + J(End(X)) = (s ′ + s ′′ ) + J(End(X)). This yields that s ′ , s ′′ are units in End(X) and there exists a j ∈ J(End(X)) such that s = s ′ + (s ′′ + j). Now, note that s ′′ + j is also a unit. On the other hand, as any element in End(X) is the sum of two units, and M is X -automorphism-invariant, we get that M is X -endomorphism-invariant.
Let M = N ⊕ L be a decomposition of a module M into two direct summands and call
M → L the associated structural injections and projections. We may associate to any homomorphism f ∈ Hom(N, L), the endomorphism v L • f • π N of M , and thus identify Hom(N, L) with a subset of End(M ). Similarly, we identify Hom(L, N ) with a subset of End(M ) as well. We will use these identifications in the following theorem:
( with N 1 ∼ = N 2 = 0 and let e 1 , e 2 , e 3 ∈ End(N ) be orthogonal idempotents such that N i = e i N for each i = 1, 2, 3. Then e 1 R 1 ∼ = e 2 R 1 . Let φ : e 1 R 1 → e 2 R 1 be an isomorphism and call e 2 r = φ(e 1 ). As each idempotent in R 1 is central, we get that φ(e 1 ) = φ(e 2 1 ) = e 2 re 1 = re 1 e 2 = 0. This yields a contradiction, since e 1 , e 2 are nonzero idempotents in End(N ). Thus we have proved (i). Finally, as R 2 is invariant under left multiplication by elements in S/J(S), it follows that L is X -endomorphism-invariant. This proves (ii), thus completing the proof of the theorem.
ii) L is X -endomorphism-invariant and End (L)/J(End (L)) is von Neumann regular, right self-injective and idempotents lift modulo J(End (L)). (iii) Both Hom
Our next theorem extends [36, Theorem 11] and gives new examples of modules satisfying the full exchange property. Let us note that, for instance, Example 3.4 is not covered by [36, Theorem 11] . Proof. By the theorem above, we have the decomposition M = N ⊕ L where N is a square-free module and L is an X -endomorphism-invariant module. Now, in Corollary 3.9, we have seen that M satisfies the finite exchange property. Therefore, both N and L satisfy the finite exchange property. By our hypothesis, L satisfies the full exchange property. It is known that for a square-free module, the finite exchange property implies the full exchange property [28, Theorem 9] . Since a direct sum of two modules with the full exchange property also has the full exchange property, it follows that M satisfies the full exchange property.
Recall that a ring R is called a clean ring if each element a ∈ R can be expressed as a = e + u where e is an idempotent in R and u is a unit in R [27] . A module M is called a clean module if End(M ) is a clean ring. In particular, when End(M ) has no homomorphic images isomorphic to Z 2 , we have:
In particular, End (M )/J(End (M )) is von Neumann regular, right self-injective and idempotents lift modulo J(End (M )).
This is the case when char(End (M )) = n > 0 and 2 ∤ n.
Proof. Assume that End(M ) has no homomorphic images isomorphic to Z 2 . Then neither has End(M )/J(End(M )) and thus, we deduce that
by Proposition 2.5. The proof of Proposition 2.5 shows that End(X)/J(End(X)) has no homomorphic images isomorphic to Z 2 and thus, any element in End(X)/J(End(X)) is the sum of two units. Applying now Lemma 3.11, we deduce that M is Xendomorphism-invariant. Finally, if char(End(M )) = n > 0 and 2 ∤ n, then End(M ) cannot have homomorphic images isomorphic to Z 2 for the same reason as in Corollary 2.7.
Automorphism-coinvariant modules
We will devote this section to dualize the results obtained in Section 3. Let M be a module and X , a class of R-modules closed under isomorphisms. A homomorphism p : X → M is an X -precover if any other g : X ′ → M with X ′ ∈ X factorizes through it. And an X -precover is called an X -cover if, moreover, any h : X −→ X such that p • h = p must be an automorphism [32] . An X -cover p : X −→ M is called epimorphic if p is an epimorphism. Definition 4.1. Let M be a module and X , a class of R-modules closed under isomorphisms. We will say that M is X -automorphism-coinvariant if there exists an X -cover p : X → M satisfying that for any automorphism g : X → X, there exists an endomorphism f : (1) As in Remarks 3.2, the above definition can be easily extended to modules having X -precovers. Moreover, if p : X → M is an epimorphic cover, then M is X -automorphism invariant precisely when the cover p induces a group isomorphism ∆ ′ : Aut(M ) ∼ = Aut(X)/coGal(X), where coGal(X) = {g ∈ Aut(X) | p • g = p} is usually called the co-Galois group of the cover p (see e.g. [8, 9] ).
(2) If X is the class of projective modules, then X -automorphism-coinvariant modules are precisely dual automorphism-invariant modules which have projective covers studied in [30] .
The following definition is inspired by the notion of quasi-projective modules. Definition 4.3. Let M be a module and X , a class of modules closed under isomorphisms. We will say that M is X -endomorphism-coinvariant if there exists an X -cover p : X → M satisfying that for any endomorphism g : X → X, there exists an endomorphism f :
Note that if X is the class of projective modules, then the X -endomorphismcoinvariant modules are precisely the quasi-projective modules [34] .
Notation 4.4. Throughout this section X will be a class of modules closed under isomorphisms, M a module with p : X → M an epimorphic X -cover such that End(X)/J(End(X)) is a von Neumann regular, right self-injective ring and idempotents lift modulo J(End(X)).
• t = 0 for any t ∈ S = End(X) and this means that p
• t is an isomorphism for all t ∈ S and we get that g − g ′ ∈ J(S). Therefore we can define a ring homomorphism
Call K = Ker(ϕ) and J = J(S). Then ϕ induces an injective ring homomorphism Ψ : End(M )/K → S/J. A dual argument to the one used in Lemma 3.7 proves that:
Proof. Using Theorem 2.4, in order to show that End(M )/K is von Neumann regular we only need to show that ImΨ is invariant under left multiplication by units of S/J. This can be proved in a similar way as in Theorem 3.8.
As End(M )/K is von Neumann regular, clearly J(End(M )) ⊆ K. Let us prove the converse. As K is a two-sided ideal, we only need to show that 1−f is invertible in End(M ) for every f ∈ K. So take f ∈ K. Then
And, as p : X → M is an epimorphic cover, we get that
Finally, the proof that idempotents lift modulo J(End(M )) is also dual to the proof in Theorem 3.8 changing envelopes by covers.
The proofs similar to Corollary 3.9, Lemma 3.10, Theorems 3.12, 3.13, 3.14 and 3.15 also show: This is the case when char(End (M )) = n > 2 and 2 ∤ n.
Applications
We are going to finish the paper by showing how our results can be applied to a wide variety of classes of modules obtaining interesting consequences for them. (c) [17, Theorem 3] . Since every quasi-injective module satisfies the full exchange property [12] , we deduce from Theorem 3.13 that M also satisfies the full exchange property. This extends results of Warfield [33] and Fuchs [12] .
(d) [17, Corollary 4] . By Theorem 3.14, M is a clean module.
(e) [16, Theorem 3] . By Theorem 3.15, if End(M ) has no homomorphic images isomorphic to Z 2 , then M is quasi-injective.
Application 2. Let X be the class of pure-injective modules and M , an Xautomorphism-invariant module. Let E be the pure-injective envelope of M . Then S = End(E) satisfies that S/J(S) is von Neumann regular, right self-injective and idempotents lift modulo J(S) (see e.g. [15] ). Therefore, (c) By (a), M satisfies the finite exchange property. Moreover, we know by (b) that M = N ⊕ L where N is square-free and L is quasi-projective. Thus N satisfies the finite exchange property. Since N is square-free, this implies that N satisfies the full exchange property. It is known that a quasi-projective right modules over a right perfect ring is discrete (see [26, Theorem 4.41] ). Thus L is a discrete module. Since discrete modules satisfy the exchange property, we have that L satisfies the full exchange property. Thus it follows that M satisfies the full exchange property. (c) By (a), M satisfies the finite exchange property. Moreover, we know by (b) that M = N ⊕L where N is square-free and L is quasi-projective. Since N is square-free, this implies that N satisfies the full exchange property. It is known that a finitely generated quasi-projective right modules over a right semiperfect ring is discrete (see [26, Theorem 4 .41]), therefore L satisfies the full exchange property. Thus it follows that M satisfies the full exchange property.
(d) By Theorem 4.11, M is clean.
(e) By Theorem 4.12, if End(M ) has no homomorphic image isomorphic to Z 2 , then M is quasi-projective.
Application 5. Let (F , C) be a cotorsion pair (see e.g. [13] ), i.e., F , C are two classes of modules such that
(ii) C ∈ C ⇔ Ext 1 (F, C) = 0 for all F ∈ F . Let us assume that F is closed under direct limits and that any module has an F -cover (and therefore a C-envelope). This is true, for instance, if there exists a subset F 0 ⊂ F such that C ∈ C ⇔ Ext 1 (F, C) = 0 for all F ∈ F 0 (see e.g. [7, Theorem 2.6] or [13, Chapter 6] ). It is well-known that in a cotorsion pair, any C-envelope u : M → C(M ) is monomorphic and any F -cover p : F (M ) → M is epimorphic.
In the particular case in which F is the class of flat modules, the cotorsion pair (F , C) is usually called the Enochs cotorsion pair [13, Definition 5.18, p. 122] and modules in C are just called cotorsion modules. By the definition of a cotorsion pair, we get that a module M is cotorsion if and only if Ext 1 (F, M ) = 0 for every flat module. A ring R is called right cotorsion if R R is a cotorsion module.
The following easy lemma is implicitly used in [15] without any proof. We are including a proof for the sake of completeness. Therefore, S = End(X) is right cotorsion. Now, S/J(S) is von Neumann regular, right self-injective and idempotents lift modulo J(S) by the main result of [15] .
It is well-known that if (F , C) is a cotorsion pair and u : M → C(M ) is a C-envelope, then Coker(u) ∈ F (see e.g. [32] ). In particular, if M ∈ F , then C(M ) ∈ F (since F is closed under extensions) and thus C(M ) ∈ F ∩ C. Dually, if p : F (M ) → M is an F -cover, then Kerp ∈ C and, if M ∈ C, this means that F (M ) ∈ C, as C is also closed under extensions. Therefore, we also get that F (M ) ∈ F ∩ C. As a consequence, we can apply our previous results to this situation. (ii) M = N ⊕ L where N is square-free and and L is F -endomorphismcoinvariant.
(iii) M is a clean module.
In particular, the above theorem applies to the case of the Enochs cotorsion pair, in which F is the class of flat modules and C, the class of cotorsion modules.
